In this paper, we give an almost solution to the conjecture by N. Lichiardopol [Discrete Math. 310 (19) (2010) 2567-2570. It is proved that for given integers q ≥ 11 and k ≥ 1, any tournament with minimum out-degree at least (q − 1)k − 1 contains at least k disjoint cycles of length q. Our result is also an affirmative answer in terms of tournaments to the conjecture of C. Thomassen [Combinatorca. 3 (3-4) (1983) 393-396]. In addition, it is an extension of a result by J. Bang-Jensen, S. Bessy and S. Thomasse [J.Graph Theory 75 (3) (2014) 284-302].
Introduction
This paper considers only digraph. Notations not given are consistent with [4] . Paths and cycles are always directed unless otherwise specified. In a digraph (D, A), a qcycle is a cycle of length q.We denote by (x 1 x 2 . . . x q x 1 ) the q-cycle on the vertex set {x 1 , x 2 , . . . , x q } with arc set {x 1 x 2 , x 2 x 3 , . . . , x q−1 x q , x q x 1 }. Similarly, a path with vertex set {x 1 , . . . , x q } is denoted by (x 1 . . . x q ). We say k pairwise vertex disjoint cycles by simply saying k disjoint cycles unless otherwise specified. A vertex y is an out-neighbor (in-neighbor) of a vertex x if (x, y) (resp. (y, x)) is an arc of D. We write N A digraph D of order n ≥ 3 is pancyclic if it contains a cycle of length l for each l = 3, 4, . . . , n, and is vertex-pancyclic if each vertex v of D lies on a cycle of length l for each l = 3, 4, . . . , n. A tournament is a digraph T such that for any two distinct vertices x and y, exactly one of the ordered pairs (x, y) and (y, x) is an arc of T . It is well-known ( Redei's Theorem ) that any tournament contains a Hamiltonian path, and (Camion's Theorem) a tournament is strong if and only if it contains a Hamiltonian cycle. It is also known (Moon's Theorem) that a strong tournament T of order |T | is pancyclic, i.e. it has cycles of all lengths 3, . . . ,|T |. In particular this means that if C is a q-cycle of T , then the tournament T [V (C)] has cycles of all lengths 3, . . . , q. Moreover, Moon discovered that every nontrivial strong tournament is vertex-pancyclic. A q-cycle free tournament is a tournament T without q-cycle.
This conjecture is trivial for k = 1 and it has been verified for k = 2 in [10] and k = 3 in [7] . For general digraphs with large k, Conjecture1.7 is still open.
In this paper, we give an almost solution to Conjecture 1.3 by proving the following theorems. Theorem 1.8 For any given integers q ≥ 9 and k ≥ 1, if k ≤ q + 1, then a tournament with minimum outdegree at least (q − 1)k − 1 contains at least k disjoint q-cycles. Theorem 1.9 For any given integers q ≥ 11 and k ≥ 1, a tournament with minimum out-degree at least (q − 1)k − 1 contains at least k disjoint q-cycles.
To prove Theorem 1.9, we need another theorem. Theorem 1.10 Let k and q be two integers with q ≥ 10 and k ≥ 3. 3 √ q. Suppose that T is a tournament with minimum out-degree at least (q − 1)k − 1. For every collection F = {C 1 , ..., C k−1 } of k − 1 disjoint q-cycles of T , there exists a collection of k disjoint q-cycles which intersects T \ F on at most 3q vertices.
Notations: For a set X ⊆ V , we use D[X] to denote the sub-digraph of D induced by X. If F is a sub-digraph of D, then D \ F denotes the sub-digraph T [V (D) \ v(F )]. Let X and Y be two disjoint subsets of vertices or sub-digraphs of D. X dominates Y (or Y is dominated by X) means (x, y) is an arc of D for every x ∈ X and every y ∈ Y . If X = {x}, then write x dominates Y instead of {x} dominates Y . We say that there is a k-matching from X to Y , if the set of arcs from X to Y contains a matching of size at least k. Define d + (X, Y ) to be the number of arcs from X to Y . If X = {v}, we write
The rest of the paper is organized as follows: In Section 2, Theorem 1.10 is proved and in Section 3 the proofs of theorems 1.8 and 1.9 are presented.
Proof of Theorem 1.10
To prove Theorem 1.10, we consider a counterexample T and a family F = {C 1 , . . . ,C k−1 } of k − 1 disjoint q-cycles in T with k minimum. The chosen family F then is maximal. That is, T \ F is a q-cycle free tournament T ′ . Obviously, T ′ has a hamilton path, say P = (u l . . . u 2 u 1 ) and
It follows by q ≥ 10 and k ≥ 3.3 √ q that |T ′ | ≥ 4q − 5. Now we partition P by letting U 1 = {u 1 , . . . , u q+1 }, S = {u q+2 , . . . , u 4q−5 } and U 2 = V (P ) \ (U 1 ∪ S). That is, U 1 is the set of the last q + 1 vertices on P and S is the last 3q − 6 vertices on P \ U 1 . We say that i (i ∈ {1, 2}) q-cycles of F can be extended if we can make i + 1 q-cycles using the vertices of the i q-cycles and at most 3q vertices of T ′ . If i (i ∈ {1, 2}) q-cycles in F can be extended, we say that we could extend F. If this happens, it would contradict the choice of T and F.
The following lemma by König is useful in the proof.
Lemma 2.1 ([4])
If there is no k-matching from X to Y , then X ∪ Y contains a set of at most k − 1 vertices which intersects all the arcs from X to Y .
In the proof of the main theorem, we need a number of claims.
Claim 2.2 Let S 1 and S 2 be two disjoint sets of vertices of T with
(2) If |S 1 | = q and d + (S 1 , S 2 ) ≥ q 2 − q + 3, then (i) there exists a q-matching from S 1 to S 2 ; (ii) there exist at least three vertices v 1 , v 2 , v 3 ∈ S 1 such that v i dominates S 2 for each i = 1, 2, 3.
Proof: By Lemma 2.1, if there is no r-matching from S 1 to S 2 , then there is a set of at most r − 1 vertices of S 1 ∪ S 2 which intersects all the arcs from S 1 to S 2 . Suppose i of these vertices come from S 1 and j of these vertices come from S 2 , then i+j ≤ r−1. Thus,
(ii) Suppose there are at most two vertices of S 1 that dominate S 2 , then d + (S 1 , S 2 ) ≤ 2q + (q − 2)(q − 1) = q 2 − q + 2. The last contradiction proves the claim. ✷ Claim 2.3 Let C be a q-cycle in F, if there exist a vertex v ∈ V (C) with d + (v, U 2 ) ≥ 3q and a set N ⊆ N + U 2 (v) of at least 3q vertices such that for any u ∈ N , d + (u, C) ≥ 2, then we can get k disjoint q-cycles.
Proof: Let T ′′ denote the sub-tournament induced by C, then T ′′ is strong. By the vertex pancyclicity, T ′′ has a (q − 1)-cycle C ′ which passes through the vertex v. Denote {u} = V (C) \ V (C ′ ). By the condition of the claim, there exists a set of 3q vertices
and F ′ is a collection of k − 2 disjoint q-cycles. By the minimality of k, we can get a collection of k − 1 disjoint q-cycles F ′′ which intersects T 1 \ F ′ on at most 3q vertices, where V (T 1 \ F) = V (P ) ∪ {u}. Thus there exists at least one vertex u ′ in {u, u 1 , ..., u 3q } with 3q + 1 vertices such that
e. u i has both in-neighbours and out-neighbours in C ′ , we see that the sub-tournament induced by C ′ ∪ {u i } is strong. Thus it has a q-cycle C ′′ which is disjoint from F ′′ . Therefore, F ′′ ∪ C ′′ is a collection of k disjoint q-cycles. ✷ Now we use Claim 2.3 to prove Claim 2.4.
Proof: (i) To the contrary, assume there is no 2-matching from C to U 2 . By Lemma 2.1 there exists one vertex v ∈ V (C) ∪ U 2 which intersects all the arcs from C to U 2 , that is
(ii) Assume there is no 3-matching from C to U 2 . Then by Lemma 2.1, there exist two vertices u, v ∈ V (C) ∪ U 2 which intersect all the arcs from C to U 2 . If both u and v belong to U 2 , we get
And d + (x, C) ≥ |C| − 1 ≥ 2 for any x ∈ U 2 \ {u}. By Claim 2.3, there is k disjoint q-cycles, a contradiction. If both u and v belong to C, since d + (C, U 2 ) ≥ 6q − 1, at least one of {u, v}, say u, such that d + (u, U 2 ) ≥ 3q. As u, v intersect with all the arcs from C to U 2 , we have d + (x, C) ≥ |C| − 2 ≥ 2 for any x ∈ U 2 . Then by Claim 2.3, T contains k disjoint q-cycles, a contradiction. ✷ Claim 2.5 For any C i ∈ F, (i) if there is a q-matching from U 1 to C i , then there is no 2-matching from C i to U 2 ; (ii) if there is a 3-matching from C i to U 2 , then there is no (q − 1)-matching from U 1 to C i .
Proof: (i) Suppose there is a 2-matching from C i to U 2 . Without loss of generality, we may assume that C i = (x 1 x 2 ...x q x 1 ), the q-matching between U 1 and C i is {(u 1 , x 1 ), (u 2 , x 2 ), . . . , (u q , x q )} and the 2-matching between C i to U 2 is {(x i , u), (x j , v)} where 1 ≤ i < j ≤ q and the subscript of u on P is larger than that of v. Let T 1 be the subtournament induced by the cycle (x j v...u 4q−5 ...u 3q−2 u j x j ). Then T 1 is strong, and by pancyclicity it has a cycle C ′ of length q. Let T 2 be the sub-tournament induced by the cycle (x i uu 3q−3 ...u 2q u i x i ). Similarly, T 2 is strong and by pancyclicity it has a cycle C ′′ of length q. Now we can extend F by letting
(ii) Suppose there is a (q − 1)-matching from U 1 to C i and C i = (x 1 x 2 ...x q x 1 ). Then there exist two vertices x i , x j with 1 ≤ i < j ≤ q such that there is a 2-matching from U 1 to {x i , x j } and a 2-matching from {x i , x j } to U 2 , using the method similar to that of (i) we can extend F, again we get a contradiction. ✷ Claim 2.6 Let C i , C j ∈ F be any two q-cycles with i = j. If there is a q-matching from U 1 to C i , and a 3-matching from C j to U 2 , then the number of arcs from C i to C j is at most
. . x q x 1 ) and C j = (y 1 y 2 . . . y q y 1 ). Without loss of generality, we can assume the 3-matching from
Since there is a q-matching from U 1 to C i , there is a 3-matching from U 1 to {x i 1 , x i 2 , x i 3 }. Without loss of generality, we assume the 3-matching from
It is easy to see that B, C and D are three disjoint cycles each of length more than q. Then by pancyclicity, they contain three disjoint cycles C ′ , C ′′ , C ′′′ , respectively. Therefore we can extend {C i , C j } by {C ′ , C ′′ , C ′′′ }, a contradiction. ✷ Denote by I the set of q-cycles that receive at least q 2 arcs each from U 1 , by O the set of q-cycles that send at least 6q − 1 arcs each to U 2 and R = F \ (I ∪ O). Furthermore, i, o and r, respectively, denote the size of I, O and R. By Claim 2.2 (1)-(ii), it is easy to see that, for any C ∈ I, there is a q-matching from U 1 to I. From Claim 2.4 (ii), we see that for any C ∈ O, there is a 3-matching from C to U 2 . Thus, according to Claim 2.5, I ∩ O = ∅. This is actually a partition of the q-cycles in F, i.e. F = I ∪ O ∪ R. Hence
Now we estimate the lower and upper bound of the number of arcs leaving from U 1 to F. First, because T ′ is q-cycle free, we see that
On the other hand, each cycle in I receives at most q(q + 1) arcs from U 1 , and by Claim 2.5 (ii) and Claim 2.2 (1)-(i), each cycle in O receives at most q 2 − q − 2 arcs from
Therefore, we obtain the following inequality:
Now we estimate the number of arcs leaving F \ O, i.e. I ∪ R, from below and above. First, since δ + (T ) ≥ (q − 1)k − 1, we have that the number of arcs leaving I ∪ R is at least
On the other hand, we bound the number of arcs from I to O (using Claim 2.6) and R to O, from I to U 2 (using Claim 2.5 (i)) and R to U 2 , from I ∪ R to S and U 1 .
Hence, the number of arcs leaving I ∪ R is at most
From the bound below and above, we can get another inequality, replace r in the in-
We bound i from below using (3) to get
2 q − 9) and c = (
Obviously,
(5) Since −2q 3 + 9q 2 − 8q < 0, the inequality (5) has a solution only if
where f (q) = 32q 7 + 36q 6 − 146q 5 − 776q 4 − 1032q 3 + 5936q 2 − 4224q + 64.
It follows by q ≥ 10 that k < 3.3 √ q, i.e. the inequality (5) has a solution only if k < 3.3 √ q. This contradicts k ≥ 3.3 √ q. So Theorem 1.10 is proved. ✷ 3 Proofs of Theorems 1.8 and 1.9
Before proving the main theorems, we need the following result.
Theorem 3.1 Let q and k be two integers with q ≥ 10 and
Proof of Theorem 3.1
Let x be the maximum number of disjoint q-cycles in T . We may assume that x ≤ k − 1, otherwise we are done. Let C 1 , . . . , C x be these q-cycles and Γ = {C 1 , . . . , C x }, then T \ Γ is q-cycle free. Denote by P = (v l
Since the number of vertices in Γ is qx, we have qx
√ q. Using Theorem 1.10 by letting k = x + 1 and F = Γ, we can get x + 1 disjoint q-cycles in T , which contradicts the maximality of x. So we finish the proof of Theorem 3.1.
Proof of Theorem 1.8
Let T be a tournament satisfying the condition of Theorem 1.8. By Theorem 1.5, we see that T contains at least ⌈k − 1 − k−2 q ⌉ disjoint cycles of length q. Since k ≤ q + 1 implies
That is, T contains k − 1 disjoint q-cycles. We can prove in this case, T contains k disjoint q-cycles, i.e. we prove the following claim. Proof: Since C is a cycle, we have
If all of the three vertices are of degree m − 2, then the third vertex z is dominated by both x and y. Thus d + (z, C) ≤ m − 3, a contradiction. ✷ We continue to prove Theorem 1.8. Because k ≤ q +1, using Claim 3.2, T contains at least k−1 disjoint cycles of length q. We may assume that T has only k − 1 disjoint q-cycles, and denote them by C 1 , . . . , C k−1 . Then T \ 1≤i≤k−1 C i is q-cycle free and it contains a hamilton path P . Now we choose C 1 , . . . , C k−1 such that the cycle C L of T \ i C i , which contains the last vertex of P , is as long as possible. Let Ω = {C 1 , . . . , C k−1 } and P = (u r . . . u 2 u 1 ).
We first prove the following Claims 3.3 -3.6. In all these claims, F 1 and
By the pigeon hole principle, there is a
be a cycle of Claim 3.3, then we can prove the following Claims 3.4 and 3.5.
Proof: Suppose there are at most two vertices satisfy the conclusion, then we can get
On the other hand, by Claim 3.3, we have d
, that is q < 9, a contradiction. ✷ Claim 3.5 Let z be a vertex of C i such that it is dominated by F 1 .
(
Proof: (i) Since z is dominated by F 1 , so we have
(ii) By the same method with (i), we can get
Proof: Let v be an arbitrary vertex of
Now we are in the position to complete the proof of Theorem 1.8. First, we prove the existence of C L . Suppose, to the contrary, such cycle does not exist. Apparently,
We discuss in two cases.
Case 1 There is no cycle in P containing the vertex u 2 . Let P ′ = (u r . . . u 3 ), then {u 1 , u 2 } is dominated by P ′ . Thus, by Claim 3.3 there exists a q-cycle
, by the pigeon hole principle, there is a vertex z in
Suppose z dominates u i ∈ V (P ′ ). Then the sub-tournament induced by {u 2 , u i } ∪ V (C ′ i ) is strong, and so it has a hamilton cycle C of length q. Now let Ω ′ = (Ω \ {C i }) ∪ {C}, then Ω ′ is a collection of k − 1 disjoint q-cycles. Assume Q is a hamilton path of T \ Ω ′ .
Since d + (y, C i ) ≤ q − 4, by Claim 3.5, we have d + (y, P ′ ) ≥ 2. Therefore, there is a vertex u j ∈ V (P ′ ) such that (y, u j ) is an arc of T with i = j. Then we get a 4-cycle C ′ = (u 1 xyu j u 1 ). Now we claim that the last vertex of Q is on C ′ , which contradicts the assumption. Let P ′′ = (v l ...v 1 ) be a hamilton path of V (P ′ )\{u i , u j }. Since P ′ dominates u 1 , we see that P ′′ dominates u 1 . Therefore, Q = (v l ...v 1 u 1 xyu j ) is the required hamilton path.
Case 2 There is a cycle in P containing the vertex u 2 .
Let B be the longest cycle in P containing u 2 . Then |B| ≤ q − 1. Denote the subpath of P \ (B ∪ {u 1 }) by P ′ = (u r ...u j ). It is easy to see that P ′ dominates B ∪ {u 1 } and B dominates u 1 .
Using Claim 3.3, there is a q-cycle
, this contradicts (6).
Proof: Suppose |B| ≥ q − 2. Then, using Claim 3.6, we get d + (B, v) ≥ 1 for any v ∈ V (C i ), i.e. any vertex v ∈ V (C i ) is dominated by at least one vertex of B.
By Fact 2, there exist a cycle
We may assume that (u 1 , z 1 ) ∈ A. We first consider the case d + (x, B) ≥ 1. Since d + (B, x) ≥ 1, it is easy to see that the sub-tournament T [V (B) ∪ {x}] is strong, so it has a hamilton cycle C of length q.
. Then Q is a hamilton path of T \ Ω ′ which has a cycle C ′ i containing the last vertex z q−1 of Q, a contradiction. Now we consider the case 
If we can construct a new set Ω ′ of disjoint q-cycles such that T \ Ω ′ has a cycle B ′ containing the last vertex of a hamilton cycle Q of T \ Ω ′ , then we get a contradiction. To get Ω ′ , B ′ and Q, we need consider three parts C i , P ′ and B ∪ {u 1 } and discuss in three subcases.
Case 2.1. d + (y, B) ≥ 1. By Claim 3.4 and Fact 4, at least one vertex, say 
∪{z}] is strong, so it has a hamilton cycle B ′ = (b 1 ...b t b 1 ). Without loss of generality, we may assume b 1 ∈ V (B). Set Q = (u r ...u j b 1 ...b t ), then Q is a hamilton path of T \ Ω ′ which has a cycle B ′ containing the last vertex b t of Q.
If d + (z, B) = 0, using Claim 3.5 (i) with Without loss of generality, we may assume that C L = (u 1 u 2 ...u j−1 u 1 ). Since it is the longest cycle in P containing u 1 , we have that the remaining path P ′ = (u r ...u j ) dominates C L . Since |C L | ≤ q − 1 and q ≥ 9, using Claim 3.3, there is a q-cycle
18 (q − 1). Thus, we can get q − 2 ≤ 11 18 (q − 1), that is q ≤ 3, a contradiction. Using Claim 3.4 and Fact 4, it is easy to see that at least one vertex, say
In the following, we are to construct a new set Ω ′ of k − 1 disjoint q-cycles such that T \ Ω ′ has a cycle C L ′ , which contains the last vertex of a hamilton path Q of T \ Ω ′ , longer than C L . Then we get a contradiction. To get Ω ′ , C L ′ and Q, we consider the three subgraphs C i , C L and P ′ . Now we discuss in two cases according to the length of C L .
L is denoted by u. Using Claim 3.6, we get d + (C ′ L , x) ≥ 1. Therefore, the sub-tournament
is strong, so it has a hamilton cycle C L ′ = (b 1 ...b t b 1 ) of length |C L |+1. Without loss of generality, we may assume that b 1 ∈ V (C L ). As z 1 dominates u i , u i dominates u and d + (u, C ′ i ) ≥ q, the sub-tournament induced by V (C ′ i ) ∪ {u, u i } is also strong, so it has a hamilton cycle C of length q. Now let Ω ′ = (Ω \ {C i }) ∪ {C}. If d + (y, C L ) = 0. We may assume that u 2 dominates x. Since d + (y, C L ) = 0 and d + (y, C i ) ≤ q − 4, by Claim 3.5 (ii), we have d + (y, P ′ ) ≥ 2. So there is a vertex u s ∈ V (P ′ ) with u s = u i such that (y, u s ) ∈ A. Then there is a 5-cycle C L ′ = (u 1 u 2 xyu s u 1 ). The sub-tournament T [V (C ′ i )∪{u 3 , u i }] is strong, so it has a hamilton cycle C of length q. Let Ω ′ = (Ω \ {C i }) ∪ {C}, it is a collection of k − 1 disjoint q-cycles. Let P ′′ = (v l ...v 1 ) be a hamilton path of V (P ′ ) \ {u i , u s }, and Q = (v l ...v 1 u 1 u 2 xyu s ). Then Q is a hamilton path of T \ Ω ′ which has a cycle C L ′ of length 5 containing the last vertex u s of Q. We finish our proof of Theorem 1.8.
